A unified form of potential functions in decagonal quasicrystals (QCs) and conformal mappings are applied in a novel way to solve the boundary value problems emanating from the generalized theory of elasticity for decagonal QCs. By executing the reduction of boundary value problem to function equations, two crack problems are investigated. In the first one, an approximate analysis for bending specimen with a crack is given. In the other, a finite width strip with single edge crack of decagonal QCs is analytically estimated. Using the basic idea underlying Dugdale's crack model, the extent of cohesive force zone in each of the two cases is analytically derived.
Introduction
Soon after the discovery of QCs [1] , the boundary value problems of elasticity and defects of QCs have been put forward. In 2011, some scholars found 12-fold and 18-fold diffraction symmetric QCs in colloid, which may arouse great interest [2] . The unusual characters of the QCs are originated from their special atomic constitution. Due to the quasiperiodicity, QCs have a special type of elastic degrees of freedom, termed as phason degrees of freedom apart from phonon degrees which exist too for crystals, which have been studied extensively and widely [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . On the basis of the physical framework and by extending the methodology of mathematical physics and classical elasticity, the mathematical theory of elasticity of QCs has been developed [11, 12, 14, 15] . Recent studies on the elasto-/hydrodynamics of QCs have made preliminary but significant progress [8, 10, 13, [16] [17] [18] . Wang et al. provide some useful insight into the interface problems of QCs [19] . Feuerbacher et al. have studied plastic deformation of QCs in microscopic mechanism, [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . Li et al. have studied thermoelastic general solutions of one-dimensional hexagonal quasicrystals [30, 31] . More recently, Radi and Mariano investigated the straight cracks and dislocations in two-dimensional QCs by using the Stroh formalism and obtained the closed-form solution to the balance equations in terms of phonon and phason fields [32, 33] . The Stroh formalism for two-dimensional deformations of the icosahedral QCs was then studied by Li and Liu [34] . Guo et al. have studied a finite crack in a one-dimensional hexagonal quasicrystal strip [35] . As a material, QC is deformable under applied forces, thermal loads, and certain internal effects. The theoretical physicists have proposed various descriptions of its elasticity. The majority agrees that the Landau density wave theory is the physical basis of elasticity of QCs. Essentially, the description suggested that there are two displacement fields u and w in a QC: the former is similar to that in crystals, named as the phonon field; the latter is a displacement field, named as the phase field. The total displacement field in a QC is expressed by
where ⊕ denotes the direct sum; u is in the physical space or the parallel space 2 Mathematical Problems in Engineering given loading conditions, they are giving rise to two elastic strain tensors and , respectively [36] :
In the case of small deformation of the decagonal QCs, the phonon and phason stresses obey generalized Hooke's law, namely,
where , are phonon and phason displacements, and phonon stresses and strains, and phason stresses and strains, , , and the phonon, phason, and phonon-phason coupling elastic constants, respectively. Now we give the boundary and initial conditions; according to practical case the boundary Γ consists of two parts Γ and Γ ; that is, Γ = Γ + Γ ; at Γ the tractions are given and at Γ the displacements are prescribed. For the former case,
where represents the outward normal unit vector at any point of the boundary Γ , and ℎ represent the traction and generalized traction vectors, which are given functions at the boundary Γ . And for the latter case,
where and are known functions at the boundary Γ . In over 200 individual QCs observed to date there is over 1/3 belonging to two-dimensional decagonal QCs. So this kind of QCs is very important from fundamental point and applications. The present work is on a bending specimen with a crack and a finite width strip with a single edge crack, each of which is embedded in a two-dimensional decagonal quasicrystalline media. The complex potential theory method initially proposed by Muskhelishvili [37] is generalized to elliptic notch problem of the bending specimen. This promoted method postulated that it is valid only for rational conformal mappings. For finite width strip with a single edge crack, which belongs to an ideal plastic deformation problem, a transcendental function conformal mapping is accomplished to transform the region at the physical plane onto the upper-half plane of the mapping plane. In the first one, the complex potential functions are obtained, which can express the stresses and displacements. The stress intensity factors and the size of cohesive force zone can be derived analytically in these two problems. The practice shows that the procedure is powerful for complicated boundary value problem of the equations. Under these treatments, the original problems can be transformed into boundary value problems.
Mathematical Physics Theory of Elasticity of Decagonal QCs
First some preliminary results given using the complex potential theory will be recalled for a crack in a decagonal quasicrystalline medium.
Assume that it is perpendicular to the periodic symmetry axis (e.g., axis ); they are giving rise to two displacement fields u = ( , , ) for phonon and w = ( , , 0) for phason in the deformation of the decagonal QCs. Further we consider here only for plane problem; that is, it is assumed that
this leads to = = = 0. In addition, in the absence of body forces, the equilibrium equations are as follows:
When the phason field vanishes, these balance equations can be reduced to the balance equations of classical elasticity [11] [12] [13] [14] [15] . The explanation for readers may be seen in [38] .
Equations (2), (3), and (7) are the basic equations describing elasticity of decagonal QCs under plane deformation; this is a set of 18 field equations. By using the displacement potential or stress potentials (see Fan [36] ), the equation set can be reduced to a unique equation of higher order; that is, the governing equation is quadruple harmonic equation for twodimensional decagonal QCs:
The general solution of the quadruple harmonic equation can be written in terms of four analytic functions ( ) ( = 1, 2, 3, 4) of a single complex variable = + = :
where the bar denotes the complex conjugate hereinafter; that is, = − = − . These analytic functions will be determined by boundary value conditions of practical problems. It is easy to prove that 1 ( ) has no contribution to stress and displacement fields, so we can take that
The phonon stresses , phason stresses , and the phonon displacements and phason displacements of QCs can be expressed as follows [36] :
in which the constants are defined by
2 ) ,
Next we define new symbols for convenience [36] :
in which the prime, two primes, three primes, and superscript (IV) denote the first to fourth order differentiation to variable . In the following we consider only the stress boundary value problem; that is, the specific form of the boundary conditions at the boundary curve for decagonal QCs can be expressed by [36] ∫ [ cos (n, ) + cos (n, )
Equation (14b) can be considered as the boundary conditions at the boundary curve in phason field, where ℎ and ℎ are the generalized stress in phason field. The right-hand side term of (14a) and (14b) is the resultant force of the boundary in phonon and phason fields. From (14a) and after some derivation the phonon stress boundary condition can be reduced to the equivalent form:
Meanwhile, we have the equivalent form of phason stress boundary condition:
Boundary conditions include both opening and shear modes (with respect to a crack); the stress intensity factors have a universal form; that is,
Here I and II are the "stress intensity factors, " ℎ 4 ( ) is the stress potential function, and ( ) is the conformal mapping corresponding to loading conditions, and 1 is located in the tip of the crack. We choose to focus on the case of uniform remote traction-free crack boundaries. This choice, although the most general, is of great interest and will serve to obtain results. In linear elasticity, many other solutions may be obtained by superposition. Thus the boundary conditions at infinity, for the two in-plane symmetry modes of fracture, are presented as
In addition, the free boundary conditions on the crack are expressed as
where is the arc-length parametrization of the crack boundary and n denotes the outward normal direction. In order to compute the full stress field one should first formulate the boundary conditions in terms of the analytic functions and remove the gauge freedom in (13a)-(13e). Indeed, we do not have enough boundary conditions to determine the stress potential uniquely. So we can allow in (13a)-(13e) arbitrary transformations of the form
where is a real constant and , , and are complex constants. This choice provides seven degrees of freedom in the definition of the stress potential. Four of them are removed according to single-valued invariance of the displacement and stress and the free boundary conditions on the crack. It is important to stress that whatever the choice of the function ℎ 2 ( ) the stresses of phonon field are unaffected, so it is not discussed. Meanwhile, the loadings on QCs considered are counterweight system. To proceed we represent ℎ 3 ( ) and ℎ 4 ( ) in Laurent expansion form:
in which
2 +⋅ ⋅ ⋅ , 1 and 2 are principal stresses at infinity, and is the angle of 1 andaxis. This form is in agreement with the boundary conditions at infinity that disallow higher order terms in . Hence, the form of generalized solution using the complex potential has been established.
The existence and uniqueness of a solution to the boundary value problem originated from quasicrystal linear elasticity have been pointed out by Fan on the basis of (1)- (7); details are in [36] .
Boundary Value Problems of Decagonal QCs in Virtue of Dugdale's Manner
In the linear elasticity, the stresses at the tip of a crack in a body are singular and the stresses in the neighbourhood of the crack tip may exceed the yield stress of the material constituting the body whereas inelastic deformations are nowhere permissible. To avoid this paradox, Dugdale suggested a crack model which allows the occurrence of yielding and gives an estimate for the spread of plasticity in terms of external applied loading [39] . The cohesive zone is defined as a transition region in which the surface traction smoothly changes from zero at the crack tip to a certain magnitude at the cohesive zone tip, where the displacement discontinuity across the zone disappears. The cohesive zone is a mathematical extension of the crack and can be viewed physically as the fracture process zone. Near the crack tip there is a so-called cohesive force zone whose value is unknown temporarily; this zone is subjected to stress (phonon field), in which represents the stress yield strength of the material. In essence, the Dugdale model may be regarded as a superposition of two linear elastic crack solutions: firstly, the stress field resulting from the uniform traction which tends to open the crack and secondly the surface stress over the yield zones, which is equal in magnitude to the material's yield stress and act to prevent this opening action such that the stresses are bounded at the crack tip. Based on the concept of the Dugdale model [39] , the unknown strip yield zone sizes are determined by the condition of vanishing stress singularity at the crack tip; namely,
where I is the stress intensity factor of fictitious crack tip under uniform pressure stress . And, I represents the stress intensity factor due to the shear yield strength , which can be determined by the experimental results.
A Bending Specimen of Point Group 10 mm Decagonal QCs with a Crack.
Consider a bending specimen made of point group 10 mm decagonal QCs, weakened by a crack, as shown in Figure 1 . We do not have yet ideas of loading devices for the phason loads, so tractions in the phason field are assumed equal to zero on the boundary of a QC, from a theoretical point of view. Then the following boundary conditions should be satisfied: 
in which denotes the bending moment subjected to the upper and lower surface of the specimen, and ℎ is the thickness and the width of the specimen. We assume that the plastic zone around crack tip is of a narrow band type, with length denoted by : its value to be determined. The difficulty of the problem at hands rests essentially on the complicated boundary conditions. The exact analytic solution is not available. We here can obtain an approximate solution. For this purpose we decompose the problem into two secondary problems, one corresponding to the boundary conditions: 
The boundary value problem (8) ((23a)-(23c)) is a pure bending problem of cracked specimen. Muskhelishvili studied a bending specimen with an elliptic notch, but the major axis of the ellipse is parallel to the -axis; the solution is no usage to the present problem; the methodology of Muskhelishvili is still effective when the condition 2 / ≤ 1/3 is satisfied [37] . By making these simplifications, the boundary value problems also cannot be solved at the physical plane (i.e., the -plane). We need to employ a conformal mapping to transform the problem for solving at mapping plane. Here we must take an approximation and assume that the size of crack is quite smaller than that of the specimen, and we can use the conformal mapping
to transform the region of the specimen onto the interior of the unit circle at the -plane; we find the approximate solution at the conformal mapping plane by solving (15a) and the boundary conditions (23a)-(23c) such as
In the equation some terms being independent from crack stress state are not included. The result related to the boundary value problem (24a)-(24d) is obtained; then,
where = e represents the value of corresponding point at the unit circle , = e − represents the conjugate of , and 2 = e 2 corresponds to the point = at the physical plane and 2 = e − 2 represents the conjugate of 2 . It is evident that cos 2 = /( + ) and 2 + 1/ 2 = 2 cos 2 . The solution (27) is constructed for the infinite plane with a Dugdale crack, which approximately holds for the specimen with finite width . Since the complex analysis is well known, the detail of above calculation is omitted. In light of (26) and (25), meanwhile noting that (16), we have
(1)
From (27) and (25) one finds that
Because at the tip of the cohesive force zone there is no stress singularity; that is, the stress intensity factor at the point should be zero; that is, the requirement of (21) leads to
The size of the plastic zone is determined already, though the relation is a nonlinear equation obviously. Due to ≪ and 2 ≪ , the formula (30) is highly approximated. To obtain the stresses and displacements, the solution of ℎ 4 ( ) and ℎ 3 ( ) is enough. All can be determined on basis of (11a)-(11i) and (13a)-(13e). 
A Finite Width Strip of Decagonal QCs with a Single
Edge Crack. Consider a strip with a single crack embedded in decagonal QCs, in which stands for the width. Figure 2 shows a scheme of the crack containing a cohesive zone ahead of the crack tip.
A transcendental function conformal mapping constructed corresponding to the transformation between the region Ω in the physical plane and the upper half-plane in -plane reads
It can transform the cracked material shown in Figure 1 onto the upper-half plane of the mapping plane. Under the mapping (31), the crack tip = 0 is mapped to = 0, while = (− , 0 ± ) are mapped to = ±1. As shown in Figure 2 , the boundary conditions of this problem of QCs can be written as follows: 
Meanwhile, based on the above figure of a finite width strip with single edge crack of two-dimensional QCs and the boundary conditions, the functional equations can be established by means of (15a) and its conjugated equation:
in which represents the value of at the real axis in the mapping plane, and
By solving the foregoing equations, one gets the result
Finally, substituting (36) and (31) into (16) yields the exact stress intensity factors:
Similarly, if the uniform pressure on the surface of the crack is replaced by a shear force , we can find the stress intensity factors:
The stress intensity factor due to the yield strength can be expressed by
in whichh 4 (0) can be determined like ℎ 4 (0). In the same way the requirement of (21) leads to the size of cohesive force zone: 
Conclusion and Discussion
This work employs the complex potentials and conformal mapping techniques to analyze the equilibrium boundary value problems for elastic quasicrystals. In virtue of the generalized solutions, stress and displacement boundary value problems of decagonal QCs are transferred to boundary value problems of analytic functions in a given region. Two separated problems emerge and can be analyzed. The stress intensity factors can be expressed in exact analytic forms.
Although there exists phason field in QCs, (28) , (29) and (37), (38) show that the intensity factors of phonon and phason fields are independent of material constants. Since both phonon and phason stress and displacement fields are dependent on all of the material constants, this result indicates the important effect of phason and phonon-phason coupling to the fracture parameters. The Dugdale model is a simple and efficient method to study the ideal elastic-plastic cracks. The results of these problems studied in this paper show that phason field and phonon-phason coupling have no effect on the plastic zone size, which is useful for plastic deformation of decagonal QCs. All the results can be reduced to the corresponding results of linear elastic theory when the phason elastic constants are approaching to zero. This work reveals the physical sense of the results relative to phason and the difference between the mechanical behaviors of the crack problem in crystals and decagonal QCs. It is presented that the mechanic problems can be transferred to boundary value problems of analytic functions.
